While for a system at equilibrium time translation invariance holds, for a system in a glassy state, on the other hand, one expects that the evolution of the system towards an (unreachable) equilibrium state should reflect itself in a dependence of both dynamical and mechanical properties on the time, ta, spent since the quench (age). A way to characterize an aging system is to study the effect of age on the probability distribution of elementary relaxational events, i.e., the first passage time (p1, the time for the occurrence of the very first event), and the persistence time (p, the time passed between two successive events). Intuitively, one expects that both p1 and p should depend on the evolving structure and thus age of the system. However, one must realize that, since the distance to equilibrium decreases upon aging, its effects weaken with time. A proper determination of the age thus becomes essential for a correct interpretation of aging effects. Another issue -of high importance for the persistence time distribution-is a proper detection of the second jumps. This work focuses on these and other related issues. It is shown that aging effects are indeed present both in the first passage and persistence time distribution functions. Possible reasons are discussed for the absence of aging in the persistence time distribution reported in literature (M. Warren, J. Rottler, EPL 88, 58005 (2009)). We also compare aging in a continuous time random walk model with a stationary p, to a binary Lennard-Jones glass with age-dependent persistence time.
Introduction
Glassy and supercooled liquid states are by definition out of equilibrium, and consequently tending to approach towards the equilibrium. But unlike fluids, their equilibrium relaxation is infinite (or at least, it is beyond the experimentally accessible time window). Therefore the glassy system remains in a non-equilibrium state over the period of the observation. As a consequence, the measured properties of the system, like dynamical [1] and mechanical [2] properties, lack the time translational invariance and depend on the age of the system, where age is the time spent in the glassy state. The evolution of the physical properties of the system as a function of its age is called aging. Over the last decays, many experimental, theoretical, and numerical studies have been devoted to understand different aspects of glassy materials, including aging; see [3, 4, 5] for a review. A way to characterize properties of a glassy system is to study the probability distribution functions for the first passage time, p 1 (∆t; t a ), and the persistence time distribution, p(τ ; t a ), as a function of t a , the age of the system. First passage time refers to the elapsed time from the start of the measurement to the first microscopic structural alteration of the system, and the persistence time refers to the time between two successive structural changes. The precise definition of these quantities and the microscopic structural changes are presented in Sec. 3 and 4, respectively. One would expect that either both first passage time and the persistence time show age dependence or they are both age independent. In the case of age independent persistence time with finite average value, the first passage time distribution has an age independent limit which can be derived from the persistence time distribution, as in Ref. [6] . 1 Our intuition expects that, during aging both first passage time and the persistence time show age dependence. This would be in line with the fact that the system slowly but progressively evolves towards the equilibrium, which means ever deeper valleys of the energy landscape are visited. Quite recent studies of both quantities has been reported [7, 8] . Interestingly, however, a quite distinct behaviour of p 1 and p has been found with respect to aging [8] . We address this issue in the present work. In perfect agreement with [8] , we see significant effect of t a on the first passage time pdf. Regarding the effect of t a on the persistence time pdf, we observe apparent dependency upon aging, absent in [8] . In order to elucidate the origin of the observed discrepancy, we performed detailed studies of the technical aspects relevant to a determination of the aging from simulations. First, the definition of the age is revisited for the determining persistence distribution. We find that aging effect sensibly depend on the proper definition of the age. More precisely, we define t a as the time elapsed since the system quenched to the glassy state until the system first leaves a trap. This is exactly the end of the time interval during which t 1 is determined. In other words, we use t ′ a = t a + t 1 , where t a is the time between the end of the quench and starting a measurement of t 1 . The next important point regards the use of the continues time random walk model (CTRW) [9, 10] for a verification of the measured distribution times. In the framework of CTRW, age dependence in p 1 may arise even if the persistence time is age-independent [9, 11] . Here we show that, this type of aging is originated from the specific way in which the model is constructed. In other word, it is not related to the change in energy landscape, and disappears if the model is constructed appropriately. Therefore, the aging observed in CTRW is not related to the aging associated with ever slowing evolution of the system towards the equilibrium. This paper is organized as follows: In Sec.2 the details of the studied binary Lennard-Jones model (BLJM) is presented. In Sec. 3, the elementary microscopic structural change of the system is defined and a subtle point associated with its detection for the studied system is discussed. Sec. 4 is devoted to discussing appropriate scheme to associate correct age to the measured first passage time and persistence time. The results of the measured persistence time distribution is also presented in this section. In Sec. 6, the CTRW and its aging are presented and the nature of its aging is examined. From a different perspective than Ref.s [7, 12, 13] , the limit of applicability of the CTRW to the aging in a binary Lennard-Jones system is also addressed.
The binary Lennard-Jones model
Numerical studies, specifically molecular dynamics simulations, play an important role in combination with the theoretical studies. Computer simulations methods like molecular dynamics (MD) offer fully detailed microscopic data of the simulated system. Accessing the microscopic data is twofold beneficial: On one hand, the microscopic evolution of the model during the aging can be monitored directly; On the other hand, the microscopic data gives us the opportunity to validate, build, and understand theoretical models for aging, examples of which can be found in [12, 7, 13] . In this study, we use the well-known binary Lennard-Jones mixture, first introduced in [14] . This system has proved to be a suitable model for many studies in the glass community e.g. [15, 8] and references therein. All the quantities are in this study are reported in reduced Lennard-Jones units [14] . The studied system includes 1200 LJ particles in a three dimensional cube with fixed spatial extension of 10 LJ unit lengths. The quench protocol implemented here is equilibrating the system at T = 4.0, and reducing its temperature to T = 0.33 linearly, over 100τ LJ and then keeping it fixed for the rest of the simulation. This protocol differs from to the quench procedure applied in ref. [8] only in the quench rate. Here, the quench rate is almost one order of magnitude larger, while we wanted to have the aging effects stronger. We have also simulated the system with the quench rate of ref. [8] as a reference to compare our data with. The quench rate of ref. [8] is referred to as the "slow" quench, in contrast to the quench protocol in this study, the "fast" quench. To have reliable statistics, forty independent samples are used.
Structural changes during aging
As amorphous materials lack long-range order, the definition of the microscopic evolution is not straightforward. Consequently, there are variety of different methods to identify the microscopic structural alterations. The identification of an structural change can be based on the collective motion of particles in the configurational phase space [16, 17, 18] , the relative motion of each particle to its neighbouring particles [19, 20, 21] , or the individual motion of each particle. The method of choice in our study is based on the standard one particle quantity, which is the square displacement. The motivation for this choice is the direct connection between the behaviour of this quantity and the concept of caging in CTRW, as described below. The typical behaviour of the mean square displacement (MSD) of the particle in the glassy state is shown in Fig. 1 . As seen in this picture, the MSD shows three distinct regimes: the ballistic regime which appears at short times, the diffusion-like regime which appears at long times, and a plateau between these two regimes, which is a signature of the glassy state. This plateau is interpreted Figure 1 : Typical displacement of a three dimensional random-walker with a fixed step length of unit size, as a function of time. It can be seen that the change in displacement for the first step is equal to the unit, while for consequent step it is less than the unit.
as the particles are trapped in cages which are created by their neighbours. This phenomenological picture is known as caging, and the departure of the MSD from the plateau is called the cage breakage. This interpretation, which is closely related to the picture introduced in ref. [22] , served as one of the underlying concepts of many phenomenological models for glasses, including the CTRW and the soft glass rheology [23] . This concept also appears in many other works in this field [24, 25, 26, 27, 28] . As one of our goals is to study aging in connection with the CTRW, we use a structural identification method based on displacement of individual particles to be in accord with this picture. In this method, the escape from the cage (a jump) is defined as the particle moves a distant larger the value of the mean square displacement indicated by the plateau regime in the MSD graph. Although, this method is a simple one, it is worth mentioning a subtle point in its implementation. As mentioned before the jump detection is based on the displacement of the particles, and for displacement calculation a reference configuration is needed. The point is that the original configuration system at the beginning of the measurement is not a good candidate for the reference configuration, while it might lead to overlook of jumps. The probability of the overlook depends on the alignment of the jump vector relative to the position vector of the particle (Fig. (2a) ). Jumps which are less aligned with the direction of the position vector, have higher probability of being overlooked. This problem can be solved by choosing the configuration after the last jump as the reference configuration. Although disregarding this point does not affect the detection of the first jump, it leads to the probable overlook of the consequent jumps. Consequently, if this point is not considered, the reliability of the data associated with the second or later jumps can be questionable. The number of the detected jumps is reduced by a factor of almost two, if this point is not taken into account. Typical displacement of a three dimensional random walk particle with a fixed step length of unit size, as a function of time. It can be seen that the change in displacement for the first step is equal to the unit, while for consequent step it is less than the unit.
First passage time and persistence time
The end of the quenched process, which is described above, is considered to be the origin of the time for the measurement of age (t a ). We first focus on the first jump of each particle at age t a . The elapsed time for each particle until the occurrence of its first jump is called the first passage time for that particle at age t a . Measuring the first passage time for all the particles at age t a , results in the probability distribution function(PDF) for the first passage time, p 1 (∆t; t a ). Our results on the first passage PDF is presented in Fig.3a . This figure shows that the first passage time is aging. This is in qualitative agreement with the aging in CTRW and other reported BLJM studies in literature [8] . The effect of the aging gets less pronounced as the quench rate is reduced. In Fig. 3b , the first passage time distribution for the quench rate of Ref. [8] is presented, which shows less age dependence. A more important quantity to study in this context is the probability distribution function of the persistence time. The persistence time distribution at age t a reflects how long the particles are trapped in the energy-well created by their neighbours, i.e. the time interval between the two consequent jumps. In this study, we consider the time interval between the first and the second jump. Therefore, only particles which made their first jump at t a , should be consid-ered. A subtle point to consider is that when the measurement starts at t a , the measured first passage times for all the particles contribute to the p 1 (∆t; t a ); but the measured persistence time for each particle contributes only to the persistence time distribution of age t a +t 1 , where t 1 is the duration of the first jump for that particle. Addition of t 1 to t a might change the results significantly as the first passage time can be comparable to the age of the system [29, 11] . In order to take this point into account, we implemented the following procedure for calculation of p(τ ; t a ). One should find all the particles who made a jump in an interval of [t a − δt/2, t a + δt/2] and measures the elapsed time until their next jumps. Here δt is the length of the interval. This time interval should be as small as possible to provide information for the age t a , and simultaneously large enough to provide good statistics. In the next section, the effects of the technicalities concerning the jump detection (Sec. 3 ) and assigning proper age (Sec. 4) are discussed. Considering these points can change the behaviour of the persistence time distribution quantitatively.
Results
The measured p(τ ; t a ) for the fast and slow quench rates are presented in Fig. 3 and 4, respectively. According to Fig. 3a , if the above mentioned technicalities are not taken into account, for longer ages (e.g. t a = 500 and t a = 2500), the age dependence of the persistence time distribution disappears. This is in qualitative agreement the results reported in Ref. [8] , while if those technicalities are considered one can observe the age dependence even for long ages, as it is shown in Fig. 3b . Comparing Fig. 3 and Fig. 4 shows the importance of the quench rate. When the quench rate is slow, the aging effects gets less pronounced and more difficult to detect, regardless of considering the technicalities introduced in this work. Both of the above mentioned technicalities are concerned only with the calculation of the persistence time. In Fig. 5 , the first passage time distribution is shown for both fast and slow quenches. One can see that in both cases aging is present, but in case of the fast quench it is more significant. The interpretation of these results in the language of the continues time random walk is presented after its description, as follows.
Trap model, CTRW, and aging CTRW
Trap model is a phenomenological description of the glassy materials motivated by the caging phenomena. In this model each particle is caged by an energy trap, and these traps are assumed to have a time independent depth distribution function, ρ(E), where E is the depth of a trap. Particles are assumed to escape from their traps only by thermal activations. Therefore, the escape rate from an energy trap of depth E is assumed to follow the Arrhenius law, e.g. Γ 0 e −E/kB T , where k B is the Boltzmann constant, T is the temperature of the system, and Γ 0 is the attempt rate. Associated with the escape rate for each energy trap one can define the trapping time, τ = Γ −1 0 e E/kB T . The probability distribution of τ , can be derived from the PDF of E, ρ(E). This interpretation of the trap model is in accord with the continues time random walk model [10] . CTRW is a generalization of the simple random walk in which the constraints of the fixed step size and the fixed time interval between steps are relaxed. To each of these quantities a PDF is assigned 2 . In continues time random walk, starting at time zero, each particle makes a jump after waiting for time τ , where τ is a random variable derived from f (τ ). Therefore the time interval between jumps is no more constant. The spatial length of each jump is also a random variable derived from the corresponding probability distribution function. In this model, the successive waiting times, and step lengths of jumps are statistically uncorrelated. Besides that, the waiting time and the spatial length of each step are also uncorrelated. These assumptions and their applicability to the BLJM are thoroughly examined in Ref. [7] . An interesting feature of the CTRW model is that it shows aging. In the rest of this subsection, we discuss this property of CTRW. As time zero is the origin of the age of the system, the age of the system is naturally defined as the time passed after it. Once the age is defined, one can study the age dependence of the persistence and first passage time. A priori, one can argue that the persistence time is not age-dependent, as the distance between each two consequent jumps is derived from the p(τ ). Therefore, even if the sampled data for the calculation of the persistence time pdf is gathered from particles at different ages, the resulting persistence time distribution function is equal to f (τ ). The behaviour of p 1 is more complicated considering the age dependence. In contrast to the persistence time pdf, p 1 can be age dependent. In principle, the age dependence properties of the p 1 can be derived from the properties of the persistence time PDF. Lets start the derivation of the p 1 (∆t; t a ) with the case that the average persistence time,τ = τ p(τ )dτ , is finite. In this case, one can show that in the limit of long ages, i.e. t a → ∞, the pdf of the first passage time is age independent.
In contrast to the limit of t a → ∞, the p 1 (∆t; t a ) shows aging for t a < ∞. This aging can be interpreted as the transient phase of the system towards its equilibrium. Indeed, at t = 0, all the particles are synchronized, and it takes a while for the system to forget about this synchronization. The time which is needed for the system depends on the function p(τ ), as it controls the dynamics of the system. To test the idea that the origin of this aging is the synchronization at t = 0, if the first jumps of all the particles are artificially perturbed such that the particles are not synchronized any more, then the p 1 (∆t) should not show aging, even for short t a . For verification of this idea, we defined the difference between the observed p 1 (∆t; t a ) and the long ages prediction of the Eq. (1) as,
and compared its behaviour for both the perturbed, and unperturbed cases as a function of time. The result of this comparison is shown in Fig.(6) . It can be seen that the system in which the initial synchronization is removed, the aging does not appear. If the system is not perturbed, the time which is required for the system to forget the synchronization at t = 0 depends on the shape of the p(τ ). In the case that the average persistence time is infinite, it takes infinite time for the system to loose its memory, therefore it shows aging forever.
Discussion
Studies comparing CTRW and amorphous solids has helped to reveal properties of structural changes in glassy material, specially their temporal and spatial statistical dependency [7] . In this paper, our focus is first on important technicalities associated with time distributions measurements, and second on comparison between the aging in BLJM and the CTRW . Here we comment on aging in BLJM, its difference with the aging in CTRW, and finally comment on applicability of CTRW for studying aging . Based on our results the persistence time distribution in BMLJ shows aging. As the persistence time reflects the energy landscape, this means that the energy landscape is changing. This is in accord with occurrence of changes towards the equilibrium [better formulation]. This aging behaviour is essentially different with the aging in CTRW, as the persistence time, and equivalently the energy landscape, i.e. ρ(E), being an input quantity, do not change in CTRW. The observed aging in CTRW is only in the first passage time and not the persistence time. As shown before, this aging is a consequence of the synchronization of all particles of CTRW at time zero. Considering the above mentioned points, the aging in the CTRW is basically different from the aging in BMLJ. One can see that the effect of aging is better resolved if the above mentioned technicalities are considered. The importance of including these points show itself in case of long ages, where the effect of aging is difficult to capture. Without considering these points the age dependence of the persistence time disappears for long ages (here t a = 500 and t a = 2500). The convergence of the p 1 (t; t a ) to lim ta→∞ p 1 (t; t a ) as a function of the age of the system t a , for different p(τ )s. Blue and dark-red curves show ∆(t a ) for the standard and perturbed versions of CTRW, respectively. The parameters of different distributions are chosen such thatτ ≃ 10 for all of them. Disp lacem en t
